Time-reversal invariant superconductors in three dimensions may contain nodal lines in the Brillouin zone, which behave as Wilson loops of 3D momentum-space Chern-Simons theory of the Berry connection. Here we study the conditions of realizing linked nodal lines (Wilson loops), which yield a topological contribution to the thermal magnetoelectric coefficient that is given by the Chern-Simons action. We find the essential conditions are the existence of torus or higher genus Fermi surfaces and spiral spin textures. We construct such a model with two torus Fermi surfaces, where a generic spin-dependent interaction leads to double-helix-like linked nodal lines as the superconductivity is developed.
The nodal-line superconductor is an intriguing class of three dimensional (3D) unconventional superconductor that respects the time-reversal symmetry. Unlike usual superconductors which are fully gapped, a nodal-line superconductor contains closed gapless nodal lines in the Brillouin zone (BZ), which are protected by time-reversal symmetry. In nature, such superconductors widely occur in cuprates [1] [2] [3] [4] , ironbased superconductors [5, 6] and noncentrosymmetric superconductors [7, 8] . As 1D loops, the nodal lines in the 3D BZ can form nontrivial links [9] [10] [11] [12] , where the linking numbers are topologically invariant and give a classification of nodalline superconductors [9] . Physically, change of linking numbers of nodal lines has been shown to yield a topological shift in the coefficient of thermal magnetoelectric effect, which is also known as the theta angle [9, 13, 14] . This is because the theta angle is theoretically given by the action of the ChernSimons (CS) theory of Berry connection in the 3D BZ [13] , while the nodal lines behave exactly as Wilson loops in the theory [9] , whose linking numbers contributes topologically to the CS action as first shown by Witten [15, 16] . On the surface of the superconductor, linked nodal lines lead to topologically protected kissing Majorana flat bands which are bounded by the projected nodal lines [17] [18] [19] [20] [21] . However, superconductors with linked nodal lines have not been discovered so far. In this Letter, we investigate the physical conditions for realizing linked nodal-line superconductors, and we show the key ingredients for linked nodal lines to occur are torus or higher genus Fermi surfaces and certain spiral spin textures. In particular, we construct a double helix nodal-line superconductor lattice model, which contains two pairs of linked nodal lines resembling the DNA double helix structure [22, 23] under the standard BCS mean field theory. Our theory gived a useful guidance on the search for linked nodal-line superconductors in nature.
Though nodal lines could occur in centrosymmetric TRI materials such as cuprates, they appear more commonly in noncentrosymmetric TRI superconductors, where the electron bands are generically nondegenerate due to noncentrosymmetric spin-orbital couplings (SOCs) [8, 24] . Here we restrict ourselves to the noncentrosymmetric TRI superconductors, which allows us to consider a larger variety of Hamiltonians. The stability of nodal lines is protected by the timereversal symmetry. Given an electron band of dispersion (k) where k is the lattice momentum, the time-reversal symmetry restricts its pairing amplitude ∆(k) to be real in a TRI basis [25] . Therefore, the system is gapless when the two conditions (k) = ∆(k) = 0 are satisfied, which gives rise to one-dimensional nodal lines in the BZ. Note that the nodal lines are restricted on the Fermi surface of the band given by (k) = 0, so the Fermi surface topology will limit the possible configurations of nodal lines.
It is easy to see that a spherical Fermi surface does not support any kind of linked nodal lines. While if the Fermi surface is a torus, one is able to draw two nodal lines linked with each other along the toroidal direction of the torus, which resembles a closed DNA double helix. An integer Gauss linking number [15, 16, 26 ] n L can be defined for such two nodal lines, which is equal to the total number of coils of the double helix (up to a sign). However, one must note the linking number n L reverses sign under time-reversal transformation, so a double helix cannot be TRI by itself. Instead, the superconductor must contain minimally two double helices which are time reversal partners of each other, and this requires at least two torus Fermi surfaces forming a time reversal pair. Figure  1 (a) shows such a configuration of two double helices with linking number n L = ±1, respectively, where the two torus Fermi surfaces are cylinders periodic in the k z direction. For Fermi surfaces with a higher genus (number of holes) N g ≥ 2, it is possible to draw two such double helices on a single TRI Fermi surface, and Fig.1(d) shows such an example. In nature, Fermi surfaces with a high genus are quite common in metals.
Given a suitable topology of Fermi surfaces, we still need a nontrivial electron-electron interaction to achieve linked nodal lines in the superconductor. Here we take the example of Fig.1(a) where two cylindrical torus Fermi surfaces are centered at (k x , k y ) = (±Q x , 0), and investigate how the doublehelix linked nodal lines of linking number n L = ±1 can be realized. The Cooper channel interaction of the superconductor is generically given by
where c k and c † k are the electron annihilation and creation operators at momentum k near the Fermi surfaces, V kk are the interaction coefficients, and N is the number of unit cells. In the presence of time-reversal symmetry, the pair-
The meanfield free energy of the superconductor is then the Bogoliubov-de Gennes quasiparticle spectrum. Therefore, ∆ k and ∆ k tend to have the same (opposite) sign for V kk < 0 (V kk > 0). By definition of nodal lines, ∆ k on a Fermi surface will take opposite signs on the two sides of a nodal line. For the double helix nodal lines shown in Fig.1(a) , one finds
, or when k and k lie in the same plane of constant k z and opposite to each other on the same cylindrical Fermi surface. This motivates us to write down the following interaction for k and k on the same Fermi surface:
where we have defined k x = k x ∓ Q x for momentum k near (k x , k y ) = (±Q x , 0), respectively. The interaction at the other momentums can be obtained via the relation
We expect the double helix nodal lines with linking number ±1 to be favored when such a term dominates in the electron-electron interaction near Fermi surfaces. Such a k-dependent interaction can be realized from a spin-dependent Heisenberg interaction together with a spiral Fermi-surface spin texture due to SOC. To illustrate this idea, we can start from two spin-degenerate cylindrical Fermi surfaces at (k x , k y ) = (±Q x , 0), and add a SOC as follows:
where σ x,y,z are the Pauli matrices for spins, the ± signs correspond to k near (k x , k y ) = (±Q x , 0), respectively, and we keep only the leading order expansion in k x and k y . Because of the SOC, the Fermi surfaces split into two inner cylinders and two outer ones centered at (k x , k y ) = (±Q x , 0). In particular, the λ z term leads to a spiral spin texture on each Fermi surface that rotates along the k z direction. For a generic spin-dependent interaction H I = V(r 1 − r 2 )ρ(r 1 )ρ(r 2 ) + J(r 1 − r 2 )S(r 1 ) · S(r 2 ) where ρ(r) and S(r) are the local electron density and spin operators. The projection onto the spin texture will naturally yield an interaction as shown in Eq.(1), as we will show later.
We also want to mention a different way to understand the linked nodal lines induced by SOC as follows. Generically, the TRI pairing amplitude of the two bands split by SOC is a matrix in the natural electron spin s z = ±1/2 basis as follows [27] :
where ψ(k) = ψ(−k) gives a singlet pairing while d(k) = −d(−k) corresponds to a triplet pairing, both of which are real functions of k. For a system with a SOC given by H soc = g(k)·σ, it is shown [28] that the most favorable pairing ampli-
, where ξ(k) is a scalar function. This yields a pairing amplitude ∆(k) = ψ(k)∓ξ(k)|g(k)| on the two outer (− sign) and inner (+ sign) cylindrical Fermi surfaces. In the simplest case when both ψ(k) = ψ and ξ(k) = ξ are constants, nodal lines will occur at the intersections between the outer cylindrical Fermi surfaces and the constant λ sin k z , k z , and similarly for Λ , so the gapless nodes A, B (and A , B ) will undergo a 2π rotation with respect to k z , yielding a double helix nodal-line structure. We note that in order to have intersection nodes, the value of ψ/ξ must be within a certain range, which is determined by interactions. Similarly, nodal lines may also occur on the inner Fermi surfaces at intersections where |g(k)| = −ψ/ξ (if ψ/ξ < 0), which also form double helices. Now we rewrite the above model in a 3D lattice, and demonstrate the above interaction and SOC indeed give rise to double-helix linked nodal lines. We assume the following single-electron Hamiltonian with SOC:
where t and t are positive, and λ i (1 ≤ i ≤ 4) are SOC parameters which are TRI but inversion asymmetric. When the SOC is zero, the electron kinetic energy has its minima at (k x , k y ) = (±π/2, 0). For chemical potential µ satisfying −t − t < µ < −|t − t |, the Fermi surfaces are two spindegenerate cylindrical tori centered at the minima. When the SOC is turned on, the Fermi surfaces split into two inner tori and two outer tori, and acquire spin textures. For convenience, we fix λ 1 = 2λ 2 = λ and λ 3 = λ 4 = λ z . The SOC reduces to the form of Eq.(2) in the vicinity of (k x , k y ) = (±π/2, 0). In principle, the Hamiltonian could contain other hopping or SOC terms, but we will keep them zero since they do not
The arrows show the spin textures of the lower electron band in the k z = 0 plane for λ = −0.02t, λ z = 0.005t, and the brightness is proportional to the SOC strength |g(k)| (brighter color for larger |g(k)|). In particular, |g(k)| = 0 at Λ and Λ points. The nodal lines occur at A, B and A , B points which are intersections between the Fermi surfaces as given by the white circles and the constant |g(k)| = ψ/ξ contours (yellow circles).
qualitatively change the physics [29] . In the following discussion, we will fix the single-particle parameters at t = 0.25t, λ = −0.2t, λ z = 0.4t. For simplicity, we will also fix the chemical potential at µ = −1.6t slightly above the band minimum, so that the two inner torus Fermi surfaces shrink to zero [29] , with only the two outer torus Fermi surfaces left.
We then add an electron-electron interaction to the system as follows [30] :
where ρ q = ks c † k+q,s c k,s and S q = 1 2 kss c † k+q,s σ ss c k,s are the electron density and spin operators at momentum q. Such an interaction may generically arise from the phonon exchange and the electron itinerant magnetism. Explicitly, we assume the interaction potentials take the form V(q) = V 0 + V x cos 2k x + V y cos k y and J(q) = J x cos 2k x + J y cos k y , where V 0 , V x , V y , J x and J y are constants. With the spin textures known, one can readily project the interaction onto the two cylindrical Fermi surfaces. Using a k · p expansion, one can show the Cooper channel interaction potential V kk for k and k on the same Fermi surface is given by [29] 
where we have kept terms up to the second order in k x and k y . Here φ(k) is the angle of the spin direction at k in the k x -k y plane, 4 , and we have k x = k x ∓ π/2 for momentum near (k x , k y ) = (±π/2, 0), respectively.
Compared with Eq.(1), the above interaction contains a few other less important terms and has the spin angle φ(k) in place of k z . However, since the spin angle φ(k) increases(decreases) by 2π as k z goes from −π to π on the two Fermi surfaces, the above interaction still satisfies the condition for double helix nodal lines. Based on this interaction near Fermi surfaces, we solve numerically the linearized gap equation that determines the mean-field superconductivity critical temperature T c [30] :
where c is the interaction cutoff energy (e.g. Debye energy), k is summed within the energy shell [− c , c ] near the Fermi surface, while Ψ(k) ∝ ∆(k) is an eigenvector of V kk , and λ is the eigenvalue. For χ > 0, the critical temperature is given by k B T c = 1.14 c e −1/χ . For χ ≤ 0, the eigenvector Ψ(k) is not a pairing instability. The most favorable pairing function ∆(k) is proportional to the eigenvector Ψ(k) with the largest positive eigenvalue χ. Figure 3 (a) shows a phase diagram with respect to J x = J y = J and V 0 , where we have fixed V x = V y = V < 0. Different phases are distinguished by the topology of their nodal lines, and are labeled using different Greek letters. Both the α phase and the α phase are double-helix nodal-line phases, while they have different double helix helicities: the α phase has a left-handed double helix at k x = π/2, while the α phase has a right-handed double helix at k x = π/2. The typical nodal-line shapes of the α and α phases are shown in Figs.3(b) and 3(c) , respectively, where θ = arg( k x + ik y ) is the poloidal angle of the torus Fermi surface. Figure 3(e) shows the double-helix nodal lines of the α phase in the 3D BZ. We note that the physical picture in Fig.2 only predicts the doublehelix helicity of phase α, which is only valid for small λ z /λ [29] . In the case we calculated in Fig.3 where λ z /λ is large, both phases α and α arise, which is because the projected interaction in Eq.(6) in this case does not give a double-helix helicity preference. The β phase has two unlinked nodal loops as shown in Fig.3(d) , while the γ phase is fully gapped without any nodal lines. The phase diagram shows that ferromagnetic spin interactions J < 0 tend to favor double-helix nodal lines, which makes η 1 and η 2 positive as required in our argument. We note that ferromagnetic electron interactions are quite common for metals. Besides, V 0 cannot be too negative, otherwise the conventional fully gapped phase γ will be more favorable.
We have seen that the realization of linked nodal lines requires torus or higher genus Fermi surfaces, and strongly varying spin textures along the toroidal direction of the Fermi surfaces. These conditions put a limitation on the crystalline symmetry of candidate materials. In general, a lower crystalline symmetry is preferred. In particular, in the double helix nodal line configuration in Fig.1a , the only allowed pointgroup symmetry (up to a translation) is either a twofold rotation C 2x about x axis or a mirror reflection M x from x to −x. In other configurations as shown Figs.1(b)-1(d) , a few other symmetry operations such as the threefold rotation C 3z are allowed. For instance, the configuration of Fig.1(c) is allowed for materials with a hexagonal 3R structure, which is common in transition metal dichalcogenides [31] . We therefore suggest to search for (double-helix) linked nodal-line superconductors in layered metallic materials with strong SOCs and low crystalline symmetries, such as lithium-inserted metal oxide, transition metal dichalcogenides and transition metal halides, etc [32] , where torus Fermi surfaces and strongly varying spin textures are more likely to occur.
The detection of linked nodal lines is also essential in experiments. A few techniques such as corner junction [2, 33] , angular-resolved thermal transport measurement [34, 35] and angular-resolved photoemission spectroscopy (ARPES) [6] have been used to reveal the nodal structure of superconductors, which will, however, be more complicated for linked nodal lines. Instead, we suggest a possibly easier way to reveal linked nodal lines through probing the surface states on the surface cuts of different directions using ARPES. As we mentioned at the beginning, nodal line superconductors exhibit topologically protected zero energy Majorana flat bands, which are bounded by the projection of nodal lines on the surface [17] [18] [19] . If two nodal lines are linked, their projections will necessarily cross each other on any surface cuts. Therefore, the corresponding surface Majorana flat bands always kiss each other as shown in Fig.4 , no matter which surface cut one takes.
In conclusion, we have demonstrated the possibility of realizing linked nodal lines in noncentrosymmetric superconductors with torus or higher genus Fermi surfaces and strongly k-dependent spin textures, and studied an explicit lattice model that realizes a double-helix nodal-line superconductor. These results may serve as a preliminary guidance on searching for and detecting linked nodal-line superconductors in nature.
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Supplemental Material
In the main text, we have discussed double helix nodal line superconductor phase on a time-reversal pair of fermi surfaces shown in Fig.1a . A key ingredient is to have spiral spin texture in Fig.3(a) e. Such fermi surfaces and spin texture can be realized by lattice model Eq.(4) with proper spin-orbital coupling(SOC). We show the spin texture in Fig.2 and argue the existence of double helix nodal line superconductor from the relation of triplet pairing order parameter and SOC Hamiltonian. However, this physical picture is only valid at small λ/λ z when |g(k)| = 0 points Λ and Λ do exist near fermi surfaces. As a complement, we show the phase diagram of the small λ/λ z in subsection to provide numeric evidence. For large λ/λ z case, a proper way of v understanding the phase of double helix nodal line superconductor in Fig.3(a) is via projected interaction on fermi surface. One form of projected interaction has been proposed as Eq. (1) . In this supplemental material, we will support our arguments in the main text by presenting the calculation of fermi surface and projected interaction of lattice model Eq.(4-5) in subsection and subsection . We also justify two simplifications that we have made in the main text. The phase diagram Fig.3(a) is presented based on the gap function near critical temperature instead of zero temperature. We shall justify the method in subsection . In the lattice model Eq.(4), we neglect other symmetry allowed hopping or SOC terms. We shall show in subsection that such terms as perturbation would generically not change the linking number of nodal lines.
Fermi surface of single particle Hamiltonian
In this supplemental subsection, we shall compute the equation of fermi surface for Hamiltonian Eq.(4). We rewrite the Hamiltonian as
where we assume t and t are positive and g x (k) = λ sin k y +λ z sin k z , g y (k) = 1 2 λ sin 2k x +λ z sin k x cos k z following the convention of main text. We diagonalize the Hamiltonian for dispersion relation:
The label ± denotes upper or lower band electrons. The conditions of electron states of momentum k being occupied and unoccupied are k,± < 0 and k,± > 0 respectively. Note that an inequality holds for all electron states in upper band:
We also check that for q = (±π/2, 0, q z ) state in lower band:
If chemical potential µ satisfies −t − t − |λ z | < µ < −t − t, we have k,+ > 0 for all k which indicates that all the upper band states are unoccupied and q,− < 0 which indicates that the states in the lower band near (k x , k y ) = (±π/2, 0) are occupied. The fermi surfaces are therefore two cylinders at (k x , k y ) = (±π/2, 0) shown as Fig.1a . For higher chemical potential, the fermi surfaces can have both inner and outer cylinders at (k x , k y ) = (±π/2, 0). In this article, we consider band and SOC parameters when the fermi surfaces are a pair of cylinders as Fig.1a .
Projected interaction on the fermi surface
In this supplemental subsection, we shall follow the single particle Hamiltonian with spiral spin texture Eq.(4) and interaction Eq.(5) to show that effective interaction term such as Eq. (1) can be realized. The single particle Hamiltonian has two cylindrical fermi surfaces at (k x , k y ) = (±π/2, 0, 0) as shown in Fig.3(a) . We now calculate the projected interaction on fermi surfaces. For a superconductor, we assume that Cooper channel dominates the interaction effect and neglects other interaction terms. It is a good approximation to keep only the Cooper channel components of electron-electron interaction:
with
We first discuss the case where k and k locate on the cylindrical fermi surface at k x = π/2. In our lattice model Eq.(4), the spin texture is characterized by φ(k), the angle of spin direction at k in the k x − k y plane. At momentum k, the spin wavefunction
while the time reversal state at the other cylinder is
. This choice of basis will keep pairing vi function real as long as the ground state preserves time reversal symmetry [25] . We can now project the Cooper channel onto fermi surfaces using the spin states wave function. The projected interaction V kk is obtained as
The definition of V kk is the same as the main text in which we write the projected interaction of form kk (V kk /2N)c †
Here c k is fermion operator of momentum k defined on the projected band. For specific interaction potentials mentioned in main text, V(q) = V 0 + V x cos 2k x + V y cos k y and J(q) = J x cos 2k x + J y cos k y , the corresponding projected interaction for momentums k and k near the cylindrical fermi surface can be written as:
where we have considered cylindrical fermi surfaces to be small and expanded up to the second order of k x and k y . We shall keep this approximation in the following subsections. The projected interaction of other momentums can be obtained from the relation:
A rearrangement of variables will give the result of Eq. (6) in the main text.
Phase diagram for small λ z /λ
In this supplemental subsection, we shall discuss the phase diagram for small λ z /λ. We adopt projected interaction Eq.(S8) and solve numerically the linearized gap equation Eq. (7). We fix single-particle parameters at t = 0.25t, λ = −0.2t, λ z = 0.08t when λ z /λ is relatively small. As a comparison of Fig.3(a) , we compute phase diagram Supplemental figure 1a for J x = J y = J and V 0 with fixed V x = V y = V < 0. Our lattice model Eq.(4) possesses time-reversal symmetry T and mirror x symmetry M x : x → −x. The combination symmetry T M x transforms each of the cylindrical fermi surface to itself. We parametrize torus fermi surface located at k x = π/2 by k z and poloidal angle θ = arg( k x + ik y ). On fermi surface, there are four T M x invariant momentums located at (θ, k z ) = (0, 0), (0, π), (π, 0) and (π, π). T M x invariant nodal loop encircling T M x invariant momentum is non-trivial. As long as the ground state preserves T M x symmetry, one can not tune parameters to move the center of such T M x invariant nodal loop to other momentum. Feasible ways of removing T M x invariant loop is merging with other nodal loop or shrinking it to T M x invariant momentum. Each of them will accompany with a Lifshitz transition. In the phase diagram, both β and β phases have two unlinked nodal loops. β phase has two nodal loops at (θ, k z ) = (0, π) and (π, 0) while β phase has two nodal loops at (θ, k z ) = (0, 0) and (π, π) as shown in Supplemental figure 1b and 1d. The two unlinked nodal loop phases are protected by T M x symmetry. The α phase is the only double-helix nodal-line phase with a left-handed double helix that lies between the phase space of β phase and β phase. We may understand the phase diagram with fixed ferromagnetic interaction J/|V| by applying physical picture of Fig.2 . As V 0 /|V| decreases starting with β phase, attractive V 0 favors singlet pairing and singlet pairing order parameter ψ becomes stronger. As shown in Fig.2 , near k z = 0 plane, |d(k)| = ψ/γ contour will expand and consequently enlarge nodal loop at (θ, k z ) = (0, 0). Similarly, nodal loop at (θ, k z ) = (π, π) also expand as V 0 /|V| decreases. At a critical value of V 0 /|V|, two nodal loops merge and reconnect as double helix nodal lines in phase α as shown in Supplemental figure 1c. Similar argument applies if we start from β phase and increase V 0 /|V|. Nodal loops at (θ, k z ) = (0, π) and (π, 0) will expand. At a critical value of V 0 /|V|, two nodal loops merge and reconnect as double helix nodal lines in phase α. At the end of this supplemental subsection, we remark on α phase which is the difference of phase diagram Supplemental figure 1a and Fig.3(a) . In contrary to α phase, at fermi surface located at k x = π/2, α phase is right-handed with the opposite chirality of spiral spin texture. The physical picture of Fig.2 predicts the chirality of double helix to be the same with that of spiral spin texture and only the α phase is predicted. Based on all the observations, the numerical calculation supports physical picture for small λ z /λ in the main text.
Double helix nodal line phase at zero temperature
In the main text, we show the phase diagram of the highest T c pairing function with different interactions based on nodal lines topology. This supplemental subsection will show that the phase diagram defined by topology will not have qualitative variation down to zero temperature. We shall start from the general self-consistent gap equation for superconductivity:
For implementation in numerics, we discretize k and k momentums in the energy shell ranges from − c to + c . In the limit of T → T c , we can expand both sides for small ∆(k) and derive the linear gap equation for T c :
where Ψ(k) is proportional to ∆(k) near T c . This is an eigenvalue equation that can be solved by numerically diagonalize matrix V kk , the largest positive χ represents superconducting instability and determines critical temperature T c . The phase diagram by solving linear gap equation is presented in Fig3. b. Here we consider the other limit of zero temperature, the gap equation is:
We solve this non-linear equation by iteration. Generically, we find that the linking number between nodal lines do not change from T c to zero temperature. As a specific example, we show the geometry of nodal lines in Supplemental figure 2a with the same parameter as Fig.3(a) in the main text.
Stability of double helix nodal line phase under symmetry allowed perturbation
In our lattice model, we assume a perfect spiral spin texture with spin polarized in k x − k y plane and a specific pattern of hopping parameters. Linking number, however, with a topological nature, should not change under small perturbation that Fig.3(a) . b. The plot of spin texture and nodal lines on fermi surface after adding H (λ 5 = 0.2t ) to Hamiltonian in Fig.3(a) .
preserves time-reversal symmetry. Here we present an example perturbation of a spin canting term in our lattice model:
With the same strategy as subsection and , we project electron-electron interaction on two cylindrical torus fermi surfaces and solve gap equation. As a comparison, we perturb the Hamiltonian in Fig.3 (a) in the main text by H with λ 5 = 0.2t and show the nodal lines in in Supplemental figure 2b. Generically, one may check that symmetry allowed perturbation terms will not change the linking number of nodal lines.
